We analyse a streamline di usion scheme on a special piecewise uniform mesh for a model time-dependent convection-di usion problem. The method with piecewise linear elements is shown to be convergent, independently of the di usion parameter, with a pointwise accuracy of almost order 5=4 outside the boundary layer and almost order 3=4 inside the boundary layer. Numerical results are also given.
Introduction
The streamline di usion method is a nite element method introduced by Hughes and Brooks 2] in the context of stationary convection-di usion problems. Mathematical analyses of the method have been performed by Johnson and N avert 3], Johnson et al. 5] and Niijima 8] for stationary problems. N avert 7] extended the method to time-dependent convection-di usion problems and obtained local L 2 error estimates of order k+1=2, for piecewise polynomial nite elements of degree k, in smooth regions (i.e., regions away from any layers). Many other authors have applied the streamline di usion method to various problems (see the references in 4, 9] ). Nevertheless, the extensive literature dealing with this method contains no proof of pointwise convergence, uniformly in the di usion parameter, inside a boundary layer.
In the present paper, we shall improve the results just mentioned for the problem: ?"u xx + au x + u + u t = f(x; t) 8(x; t) 2 ; u(0; t) = u(1; t) = 0 for 0 < t T;
u(x; 0) = u 0 (x) for 0 x 1;
(1.1) where = (0; 1) (0; T], " is a small positive parameter, a > 0 is a constant, and u 0 2 L 2 0; 1], f 2 L 2 ( ). Here for simplicity we have taken the coe cients of the di erential equation to be constant. The solution u of (1.1) has in general a boundary layer near the side x = 1 of . While many practical problems involve two or more space dimensions, we have restricted our attention to one dimension because even in this setting the analysis is lengthy. Since a time variable is also present, our arguments have a two-dimensional avour and we expect that they can be extended to the multi-dimensional case. We shall give pointwise error analyses for the streamline di usion method both outside and inside the boundary layer at x = 1. We obtain convergence, uniformly in ", at nodes inside the layer by introducing a special piecewise uniform mesh that resolves part of the boundary layer. Our analysis shows that when the streamline di usion method is combined with this special mesh, it retains its usual accuracy in smooth regions. In the case of piecewise linear nite elements, the pointwise error bound is almost order 5=4 away from layers and almost order 3=4 near and inside the boundary layer. (The lower order of accuracy is due to the overlap of the layer and the coarse part of the mesh; compare the interpolation error bounds of (3.17) and (3.18) below.) Our analysis uses techniques of Niijima 8] and of Johnson et al. 5] , who considered an elliptic problem on a quasiuniform mesh. In contrast we deal here with a parabolic problem on a highly nonuniform mesh. The arguments of 5, 8] cannot be immediately applied on this mesh; in particular, we need careful nonstandard interpolation error estimates. Indeed, our approach leads to a slight sharpening of Niijima's results | see Remark 4.1 below.
The idea of using a piecewise uniform mesh to guarantee accurate numerical results inside the boundary layer is due to Shishkin 10] . His analysis is set in a nite di erence framework and in particular seems applicable only to di erence schemes that satisfy a discrete maximum principle. It is therefore inappropriate for the streamline di usion method; an alternative approach, such as that presented here, is needed.
The Shishkin mesh is remarkable in two ways: rst, it resolves part but not all of the boundary layer, yet still yields convergence that is uniform in "; second, despite the fact that there is an abrupt change in mesh size, this does not destabilize the di erence scheme. The ne part of the mesh is suitably aligned to give some resolution of the boundary layer, while outside that layer the mesh orientation is unimportant. (The analysis of the streamline di usion nite element method on coarse meshes that are aligned along the streamlines is considered in 12] .) The piecewise uniform Shishkin mesh is speci ed a priori; thus, instead of pursuing a more complex adaptive mesh approach, we demonstrate in our analysis and numerical results that pointwise accurate numerical results can be obtained inside out ow boundary layers using simple meshes.
An outline of the paper is as follows: in Section 2 we introduce a special piecewise uniform mesh and construct a streamline di usion scheme on this mesh. Section 3 discusses the properties of our nite element space and analyses the interpolation errors. In Section 4 we de ne a discrete Green's function G associated with the scheme and estimate it. Our main uniform convergence results are given in Section 5. Finally, Section 6 presents some numerical results.
Throughout the paper, C will denote a generic positive constant, not necessarily the same at each occurrence, that is independent of " and of any mesh used.
Mesh and Scheme
Let N and M be two positive integers, satisfying maxfN=M; M=Ng C:
We assume that N is even and N > 4:
Let 2 (0; 1=2) denote a mesh transition parameter, which may depend on N and ", and will be speci ed in Section 3. We write = 1 2 with 1 = (0; 1 ? ) (0; T] and 2 = n 1 . Introduce a set of mesh points f(x i ; t j ) 2 : i = 0; : : : ; N and j = 0; : : : ; Mg with x i = By drawing lines through these mesh points parallel to the x-and t-axes, 1 and 2 are each partitioned into MN=2 rectangles. Divide each rectangle into two triangles by drawing the diagonal of the rectangle which runs from northwest to southeast (here, as is customary, we have taken the x-axis running west to east and the t-axis south to north). This yields a triangulation of l denoted by N l , for l = 1; 2: Each of these N l is a uniform triangulation by means of right angled triangles , with base H = Since we are interested in the singularly perturbed case, we assume throughout that " N ?1 :
Our next aim is to formulate a time-stepping procedure for (1.1) so that the discrete solution can be computed successively on a sequence of time levels.
On each time slab S j = 0; 1] (t j?1 ; t j ] for j = 1; : : : ; M; (2.8) we de ne a nite element space V j by V j = v 2 C(S j ) : v(0; t) = v(1; t) = 0 8t 2 (t j?1 ; t j ]; v is linear 8 2 N such that 0 S j ; (2.9) where C(S j ) denotes the space of continuous functions on S j and 0 is the interior of . We also introduce the streamline derivative w for all di erentiable functions w by de ning w = aw x + w t :
We shall apply the streamline di usion method 7, 4] to the problem (1.1) on each slab S j successively, imposing the initial value at t = t j?1 weakly and the boundary condition strongly.
To this end, we introduce the nite element space on : v(x; t j?1 + s); (2.11) v ? (x; t j ) = lim s!?0 v(x; t j + s): (2.12) We also use the notation of (2.11) and (2.12) for those functions in C(S j ) for which the indicated limits exist. < w]; v + > j : (2.22) In our later analysis, we will also use the following expression for B( ; ) which is equivalent to The following theorem states a stability inequality for (2.21) that also guarantees the existence and uniqueness of the discrete solution U. In this section, we shall discuss inverse and interpolation properties of our nite element space V that will be used in the sequel. We also specify the transition parameter of the mesh.
First of all, we consider some properties of V . (3.4) Proof. The rst conclusion of the lemma is a standard inverse inequality, because our assumption (2.1) implies that N 1 is a regular triangulation.
Next, (3.2) follows by the standard argument of transforming to a reference triangle of unit diameter.
We now turn to prove (3.3). For (x; t) 2 (3.9) w ? w I j; CK ?1=2 H 2 kw xx k + H Kkw xt k + K 2 kw tt k 
Then it is well known that
where (ŵ) I is the linear function that interpolates toŵ at the vertices of^ , andx;t are the variables used in^ . We observe that (ŵ) I = w I F,ŵxx = H 2 w xx F,ŵxt = H Kw xt F and wtt = K 2 w tt F, then we transform (3.11) to integrals over to get (3.7).
Next, using Lemma 2.3 from K r zek 6], we obtain
The desired estimates (3.8) and (3.9) now follow by transforming the above to integrals over . Finally, using the Bramble-Hilbert lemma 1],
C kŵxxk^ + kŵxtk^ + kŵttk^ :
Again transforming to , one obtains (3.10). This completes the proof. In order to obtain a satisfactory pointwise error bound in our later estimates, we shall require the local L 1 interpolation error for a solution with typical boundary layer behaviour to be at least rst order in 1 and second order in 2 . A calculation, based on (3.7) and (3.23) below, then motivates the choice = 2 ?1 " ln N (3.14) with the constant chosen to satisfy 0 < a. We shall assume from now on that (3.14) holds. Note that this choice of implies (see (2.5) ) that the mesh in the x-direction is very ne in 2 and coarse in 1 . Note also that the boundary layer at x = 1 is typically of width O ? " ln(1=") and in practice one usually has " ?1 > N; consequently (see (3.14)) the mesh resolves only part of the layer.
The following theorem gives interpolation error bounds on each triangle where the solution exhibits boundary layer behaviour. where we recall that G(x; t) 0 for t > T. From (2.27), G is well de ned.
In this section we shall derive a global estimate for G in the energy norm jjj jjj and prove that G is negligible outside a narrow region that extends upstream from (x ; t ). This region is de ned by 0 = f(x; t) 2 : 0 < x x + K 0 ln N; jx ? at ? (x ? at )j K 0 ln Ng ; (4.2) where K 0 is a positive constant that is independent of "; N and M. We choose K 0 in the proof of Theorem 4.2 below; and will be given in (4.13) and (4.14) respectively. We shall rst derive a global estimate on G in a weighted energy norm, de ned by
This estimate will be obtained by proving the following three lemmas. The desired result follows on choosing su ciently large, independently of N; M and ". 2
We are now in a position to present the main results of this section. 
Pointwise Error Estimates
In this section we shall estimate the nodal error between the exact solution u and our computed solution U. In order to derive a nodal error formula suitable for an analysis under weak assumptions on u, we need the following lemma. 
Hence where is given in (4.14) and = 1=2; when (x ; t ) 2 1 ; 1;
otherwise.
Proof. Recalling (5.18), we have
Using ( 2 We next give a pointwise convergence result for the case when (x ; t ) lies in the boundary layer, under the assumption that the solution u exhibits typical boundary layer behaviour in the neighbourhood 0 of (x ; t ). Remark 5.2 Applying the initial conditions in a strong form on each time level leads to a threelevel scheme. Then the above analysis starting from (2.21) still applies, except that the terms involving integrals of the form < ; > j now disappear. That is, this three-level scheme is theoretically as accurate as our two-level scheme above.
Experimental Results
In this section, we verify experimentally the theoretical results obtained in Section 5. Nodal errors and convergence rates for our scheme (2.18) { (2.20) with (3.14) are presented for two test problems.
In each computation we take N = M and solve the problems for various " and N. We note that the characteristics of the reduced solution of (1.1) run from southwest to northeast, while our division of rectangles into triangles in Section 2 used gridlines running from northwest to southeast. Thus our mesh is not tailored to the reduced problem. In fact, similar rates of convergence are observed when the gridlines coincide with the characteristics.
The scheme (2.18) { (2.20) is used successively on a sequence of time levels. On each level, the scheme is equivalent to a system of 2(N ?1) linear equations. The coe cient matrix of the system can be easily permuted to yield a pentadiagonal matrix. Hence it is possible to solve the system by triangular decomposition with O(N) operations.
All calculations were carried out in C double precision on an IBM PC. Example 6.1 We rst test the performance of our scheme when applied to a problem with typical boundary layer behaviour:
?"u xx + u x + u + u t = f(x; t) on (6.4) We remark that the maximum errors in Table 6 .1 occur at nodes inside the boundary layer. Table 6 .2 shows that for this test problem the uniform convergence rate of our scheme is about 0:8 as N ! 1, which is close to the value 0:75 proven in Theorem 5.2. We do not have an explicit expression for the exact solution u(x; t), so we compare our computed solution U (";N) with u R (x; t) on 0 , where 0 = f(x; t) 2 : 0 x 0:993; 0:5 t 1g:
It is valid to use u R instead of u when " is small, since 0 is then outside the internal and boundary layers, i.e., the solution of (6.5) { (6.7) is smooth in 0 .
We solve this problem with = 1:6 in (3.14). Table 6 We also tested the method on (6.5) and (6.6) with A = 0 on . In this case (6.6) gives a smooth exact solution to (6.5). The numerical results on 0 for this smooth problem are identical to those displayed in Tables 6.3 and 6.4, except for a little di erence in the errors when N = 8 and 16. This means that for (6.5) { (6.7), the local performance in 0 of our scheme is not strongly a ected by the presence of the internal and boundary layers. 
